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tion lengths, Schaefer et al. adopt the de Gennes reptation 
concept to obtain expressions for the variation of D, with 
concentration. The weakness in this model lies in the 
identification of relationships between the correlation 
lengths. This particular aspect has recently been addressed 
by Muthukumar and Edwards,26 who conclude that such 
identifications are not supported by theory for semidilute 
solutions of real (nonphantom) chains. Given these the- 
oretical caueats the marginal solvent model does predict 
the appropriate asymptotic variation of dynamical pa- 
rameters with concentration in the semidilute regime. 
Nonetheless the predicted discernable 0, - c-2.6 behavior 
has not been observed here and would seem to have been 
too bold a distillation from the algebra. Both the marginal 
solvent and crossover modification to the de Gennes rep- 
tation theory predict M-2 scaling for D, throughout the 
semidilute regime. However this relationship has been 
observed to prevail only in the high concentration as- 
ymptotic region labeled respectively &like and Gaussian 
in the two models. Consequently the observed molar mass 
variation of D, is not encompassed by any of the models 
proposed. 

This inability of the models to predict the observed 
variation of self-diffusion with molar mass is a serious 
problem yet to be resolved. I t  would seem that the most 
likely reason for this is, as indicated by Muthukumar and 
Edwards, the lack of theoretical justification for assuming 
simple relationships between the various correlation 
lengths defined in semidilute solutions. Indeed Muthu- 
kumar and Edwards allow that a more complicated de- 
pendence may exist when they state that "the question of 
whether the entanglement constraints change the ratio of 
(dynamic to static) screening lengths only merely by a 
constant or by a functional dependence on concentration 
remains open". 

Registry No. Polystyrene (homopolymer), 9003-53-6. 
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Computer Simulation of the Effect of Primitive Path Length 
Fluctuations in the Reptation Model 
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ABSTRACT A dynamics of the primitive path of a reptating polymer is proposed. The dynamics are equivalent 
to  a Metropolis algorithm. This dynamics allows fluctuations in the number of primitive path segments N 
about a mean of N obeying a-distribution where the probability P of a primitive path of N segments is given 
by P(N) 0: exp(-3(N - N)2/2N). The diffusion constant of the center of m a s  and the zero shear rate viscosity 
vo are calculated by computer simulation for N in the range 5-60. Although the viscosity is lowered by the 
inclusion of these fluctuations, the simulation data do not provide an explanation of the experimental qo a 
ii733.4. 

Introduction 
The reptation model of de Gennesl has been successful 

in describing many of the viscoelastic properties of polymer 
melts. The most intriguing discrepancy is in the molecular 
weight dependence of the zero shear rate viscosity T ~ .  
Experiments indicate2 that to is proportional to the mo- 
lecular weight to a power about 3.4, while the reptation 
theory gives T~ a M. Doi has argued3 that these results 
can be reconciled by considering fluctuations in the length 
of the primitive path of the polymer, sometimes called 
breathing motions; see Figure 1. 

0024-9297 f 84/2217-0437$01.50 f 0 

In the reptation the stress remaining at time 
t after a small strain a t  time 0 is proportional to the 
fraction F(t )  of original primitive path still occupied. This 
is related to the zero shear viscosity by 

where G N O  is the plateau modulus. Also the recoverable 
compliance J," is given by 

J," = GNo/vo2JmtF( t )  dt (2) 

0 1984 American Chemical Society 
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Figure 1. Dots represent fixed obstacles through which the 
polymer (continuous line) cannot pass. Some time later the 
polymer (dashed line) occupies a shorter length of primitive path. 

Including fluctuations in the number of primitive path 
segments allows end segments of the original primitive 
path to be vat lted more rapidly and thus lowers r̂l0. The 
effect might be expected to be important for a chain with 
a small mean number of primitive path segments m but 
unimportant for N large. Doi calculated3pg the probability 
distribution of a primitive path of N segments 

(3) P(N)  a exp(-3(N - m2/2m 

T J ~  a P ( ( 1  - N-1/2)3 + (1/5)N-1.5) 

He then calculated3 

(4) 

which closely resembles q0 a P.4 for N up to about 100, 
but his calculation is not exact and the effect seems worthy 
of further investigation. 

In this paper a dynamics for the primitive path is used 
that obeys the distribution of eq 3. By computer simu- 
lation the viscosity and diffusion constant are calculated 
and compared with those for the constant primitive path 
length reptation model. 

Primitive Path Dynamics 
The primitive path of the polymer is a chain of N freely 

jointed rods or segments as in the Doi-Edwards model.4 
The essential difference of the fluctuating primitive path 
length dynamics used in this paper to the Doi-Edwards 
model is that the number of segments in the primitive path 
is a function of time. We use the idea of a Metropolis 
algorithmlo to form the basis of a dynamics of the primitive 
path whose number of segments obeys the distribution of 
eq 3. 

Suppose at some instant we have a path of N, segments. 
One of the following four choices is made at  random: (1) 
add a segment to end 1; (2) add a segment to end 2; (3) 
subtract a segment from end 1; (4) subtract a segment from 
end 2. If the choice moves N, nearer to N, we allow it. If 
the choice moves N, further from N, we allow it with the 
probability Q, where 

Q = exp(3iN1 - m 2 / 2 N  - 3(N2 - m2/2m ( 5 )  

and N ,  is the number of primitive path segments if the 
selecteJ move were to take place. This weighting is ac- 
complished by choosing a random number R between 0 
and 1. If R C Q, we allow the move; otherwise we disallow 
it but count the attempted move as a time step. Obviously, 
the primitive path cannot have a negative length. If N, 
is zero and we choose to subtract a segment, then the move 
is disallowed and counted as a time step. Metropolis et 
a1.I0 proved that such a procedure would ensure that the 
input distribution was preserved. 

In the Doi-Edwards m0de1~-~ the time step for a single 
backward or forward shift of the primitive path is taken 

as proportional to the number of primitive path segments. 
To compare the dynamics used here with those of Doi and 
Edwards, we need to define the N dependence of the time 
step for our fluctuating path dynamics. Initially, we shall 
assume that this time step is proportional to N. 

If the number of segments in the chain is N ,  then P(N,t), 
the probability of having N segments at  time t ,  obeys a 
diffusion equation in a harmonic potential with a diffusion 
constant DN - l /N  and potential 3(N - m2/2N. The 
presence of the potential does not affect the N dependence 
of the time for a fluctuation 7, which is the time for a chain 
initially of N segments to have a significant probability 
of having N f PI2 segments, where the standard deviation 
of the distribution - Pi2. Thus we have that 7 - (N f 
PI2 - m 2 / D ~  - P. Thus the time for a fluctuation 7, 
or longest breathing mode, scales like the Rouse time, i.e., 
-P. This is an essential feature of any reasonable dy- 
namics. 

In the dynamics of the primitive path of a real polymer, 
if a move took a segment off end 1, then the next move 
is more likely to add a segment to end 1 than end 2, as the 
time between moves - N while the equilibrium time for 
the fluctuations in monomer density along the primitive 
path - P. Similarly, if we add a segment to end 1, the 
next move is more likely to subtract a segment from end 
1 than end 2. This memory effect is not included in these 
dynamics. These two types of move are given less weight 
in the dynamics proposed than is correct, but neither of 
them can reduce the stress, so it seems unlikely that the 
viscosity will be reduced by the inclusion of this memory 
effect. 

Simulation of Viscosity 

given by 
The stress tensor uaB used by Doi and Edwards5," is 

where ria is the ath component of the end-to-end vector 
of the ith primitive path segment, mi is the number of 
Rouse segments of the real chain in the ith primitive path 
segment, and b is the Rouse step length of the real chain. 
If N(t) is the number of primitive path segments at  time 
t ,  then mi N / N ( t ) .  The primitive path segments that 
have left the original tube do not contribute to the stress, 
and thus the stress from a single chain is 

a(t) 0: n( t )N( t ) /N  (7 )  

where n(t) is the number of primitive path segments at  
time t that are still in the original tube. The average 
number of chains per unit volume is l/N; thus 

Here we note-that if we use the average value of mi, i.e., 
put N(t)  = N ,  we find no significant difference in the 
simulation results for N > 10 but for small N, qo is slightly 
raised, the maximum effect being for the smallest N of 5 
when qo is raised by about 4.5%. 

The model used here is discrete in both space and time; 
by that, we mean that the number of primitive path seg- 
ments takes only integral values and attempted moves of 
the chain take place at  instants separated in time by a 
constant time step. Rewriting eq 8 as a sum over time 
steps, we have, as the time step is proportional to N 

VOf a Cn;N;/N (9) 
I 
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Table I1 
Viscosity and Recoverable Compliance of the 

Nonfluctuating Path Length Dynamics 
- 
N q o  J:GNoqo2 

- 1 5  2 2 5  3 3 1  I 

Figure 2. In (viscosity) against In (mean primitive path length). 

Table I 
Viscosity and Recoverable Compliance of the 

Fluctuating Path Length Dynamics 
- 
N Q Of JeoGNorlOfZ 

5 
6 
7 
8 
10 
12 
15 
20 
25 
30 
35 
40 
45 
50 
60 

(1.36 i 0.02) x 10' 
(2.12 i 0.05) x 10' 
(3.09 f 0.04) x 10' 
(4.41 i 0.09) x 10' 
(8.04 f 0.10) x 10' 
(1.33 f 0.02) x l o 3  
(2.45 f 0.03) X lo3 
(5.61 f 0.09) x lo3 
(1.07 i 0.01) x lo4 
(1.82 f 0.02) x lo4 
(2.82 i 0.03) x lo4 
(4.17 ?I 0.06) x lo4 
(5.99 i 0.08) x l o4  
(8.22 i 0.01) x lo4 
(1.40 f 0.02) x lo5 

(1.96 i 0.06) x lo4 
(4.77 f 0.20) x lo4 
(1.05 f 0.03) x lo5 
(2.19 f 0.11) x lo5 
(7.37 f 0.17) x lo5 
(2.10 i 0.05) x 10' 
(7.31 f 0.22) X l o6  
(3.85 i 0.15) x l o 7  
(1.40 f 0.05) x 10' 
(4.03 i 0.12) x 10' 
(9.74 f 0.22) x lo8 
(2.14 f 0.05) x lo9 
(4.41 f 0.13) x lo9 
(8.37 f 0.24) x lo9 
(2.39 i 0.09) x 1O'O 

The subscript f denotes fluctuating path length dynamics. 
Also from eq 1 and 2 the recoverable compliance J," is 
given by 

and the dimensionless product JeoGNo is 

CjnjNj 

To calculate the viscosity by computer simulation, we 
first of all pick an initial number of primitive path seg- 
ments from the distribution of eq 3. Then we attempt 
moves via the Metropolis algorithm already described. 
After each move we recalculate nj and Nj until nj = 0; i.e., 
the chain has completely left its original tube. Using nj 
and Nj,  we calculate the sums in eq 9 and 10. For each 
value of N, 10 runs were carried out, each averaging over 
lo00 chains. The viscosity results are plotted in Figure 
2; they are also tabulated in Table I together with the 
recoverable compliance data, because the full accuracy of 
the data cannot be reconstructed from Figure 2. 

It is important to realize that a discrete space and time 
version of the Doi-Edwards model does not give to a 
for small N, where N is not now a fluctuating quantity. 
The results of Doi and Edwards4-' are solutions of dif- 
ferential equations; they treated time and the arc coor- 
dinate of the primitive path as continuous variables. Here 
we seek solutions of the corresponding discrete equations 

5 
6 
7 
8 
10 
12 
15 

25 
30 
35 
40 

50 
60 

(3.49 f 0.06) x 10' 
(5.64 f 0.07) x 10' 
(8.40 f 0.15) x 10' 
(1.19 i 0.01) x 10' 
(2.20 i 0.03) x 10' 
(3.66 i 0.06) x 10' 
(6.80 f 0.06) x 10' 

(2.94 f 0.04) x l o 3  
(4.98 i 0.10) x lo3 
(7.81 f 0.13) x lo3 
(1.15 f 0.01) x lo4 

(2.22 f 0.04) X lo4 
(3.78 f 0.07) x l o4  

20 (1.54 ~t 0.02) x 103 

45 (1.63 0.02) x 104 

(1.11 f 0.04) x 103 
(3.08 i 0.10) x io3 
(7.04 f 0.29) x lo3 
(1.44 i 0.04) x lo4 
(5.09 i 0.13) X lo4 
(1.45 f 0.06) X lo' 

(2.67 i 0.06) x l o6  
(9.92 f 0.27) x lo6 
(2.87 i 0.15) x lo7 
(7.11 f 0.29) x 10' 
(1.53 .t 0.05) X 10' 
(3.14 i 0.12) x lo8 
(5.75 i 0.13) x 10' 
(1.69 f 0.07) x lo9 

(5.16 f 0.09) x 105 

with which to compare our fluctuating path length results. 
In this paper the viscosity of the discrete version of the 
Doi-Edwards dynamics is computer simulated. We use 
eq 12 to calculate the viscosity, the difference from eq 9 
being that now N, = N 

Also 

J," a CjnjN/to2 (13) 
1 

The other details of the simulation are the same as for the 
fluctuating dynamics and the results are plotted in Figure 
2 and tabulated in Table 11. 

Simulation of the Diffusion Constant of the 
Center of Mass 

The simulation of the diffusion constant of the center 
of mass was performed on a cubic lattice. This enables 
a more efficient computer program to be written. The 
problem of the calculation of the viscosity reduces to one 
dimension, the arc coordinate of the primitive path. The 
reason for this is that to calculate the stress a t  time t we 
need only know the number of segments in the original 
primitive path, i.e., a t  time 0, and the total number of 
segments at time t, not their coordinates. To calculate the 
diffusion constant we define the center of mass coordinate 
rcm of the chain as 

1 

rcm = - C r i  
N + l i  

where the ri are the N + 1 coordinates of the end points 
of the N segments. To calculate the diffusion constant we 
measure the displacement squared of the center of mass 
from its original position as a function of time. This was 
averaged over 500 chains and a least-squares fit gave the 
diffusion constant Df. Ten such runs were done for each 
value of N. In each run the displacement squared of the 
center of mass was greater than 30 segment lengths 
squared. The results are plotted in Figure 3. 

The diffusion constant D of the discrete form of the 
Doi-Edwards model can be calculated by using the method 
of ref 4. We find 

1 

(N + 1)N D =  
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Figure 3. In (Dfm against In (m + 1). Regression line of eq 16 
indicated. 
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Figure 4. Ratio of the viscosities with the time step altered so 
that the diffusion constants of the two models are equal against 
N .  Error bars of 1 standard deviation are indicated. 

The function Df(m was fitted by a least-squares method 
to the form 

The single power of N was introduced by the time step and 
we preserve this in the fit. We obtain 

A = 0.198 f 0.006 
B = 0.95 f 0.01 (17) 

Conclusions and Discussion 
A possible way of analyzing the simulation data is to 

define the time step for the fluctuating dynamics so that 
the diffusion constants for the fluctuating and nonfluc- 
tuating dynamics are equal. If we do this, we find that the 
viscosity from the fluctuating dynamics is lower than that 
for the nonfluctuating dynamics by between 10 and 20%. 
In Figure 4 the equal diffusion constant viscosity ratio 
(T&)/(T&) is plotted against m, where D and Df are 
taken from eq 15 and 16, respectively. As m increases from 
10 to 60, qofDf/q,,D increases from about 0.8 to 0.9. Thus 
we have an increase in the viscosity exponent due to the 
fluctuations in path length of log (0.9/0.8)/log (60/10) = 
0.066. We conclude that the primitive path dynamics 
postulated in this paper, which allow fluctuations in the 
length of the primitive path, do not provide an explanation 
of the experimental law qo 0: iP4. 

It  is important to note that we cannot conclude that 
these results are in disagreement with the form of Doi's 
result for the viscosity in eq 4 in the limit of large N. In 
Figure 5 we plot ((7&)/(q,,D))'/3 against N-'l2. According 
to eq 4, if we neglect the term (1/5)N-1.5, which is very 

t . I  I.! ' 
I I I I I 

01 0 2  0 3  0 4  0 5  
0 92;  

7 -',i -+ 
Figure 5. (~orDr/q,D)'/~ against N-llz. A slope of -0.29 through 
the point (0 , l )  is shown. Error bars of 1 standard deviation are 
indicated. 

Table I11 
Product of the Recoverable Compliance Jeo-and 

Plateau Modulus GN' as a Function of N 
JeOGNO 

- fluctuating nonfluctuating 
N dynamics dynamics 
5 1.06 0.91 
6 1.07 0.97 
7 1.10 1.00 
8 1.13 1.02 

1 0  1.14 1.05 
1 2  1.19 1.09 
1 5  1.22 1.12 
20 1.22 1.13 
25 1.22 1.15 
30  1.22 1.15 
35 1.23 1.17 
40 1.23 1.16 
45 1.23 1.17 
50 1.23 1.17 
60 1.22 1.19 

small, we should get a straight line of gradient -1. Re- 
membering that a t  N-1/2 = 0, we should get {(qwDf)/ 
(v,,D))'/~ = 1; we see that for large IV the simulation data 
are fitted well by 

(qofDr/q,,D) u (1 - 0.29N-1/2)3 (18) 

The values of JeoGNo are tabulated in Table I11 for both 
the fluctuating and nonfluctuating primitive path length 
dynamics. For the nonfluctuating dynamics the value rises 
from 0.91 for small N and approaches the Doi-Edwards 
value of 1.2 for large N .  For the fluctuating dynamics 
JeoGNo rises from 1.06 for small N to a constant value of 
just over 1.2 for large R. 
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Effect of Cross-Bridge Motion on the Spectrum of Light 
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ABSTRACT: A thick myofilament has many projections called cross-bridges. In order to see the effect of 
cross-bridge motion on the spectrum of light quasielastically scattered from suspensions of isolated thick 
myofilaments, a theoretical model for a semiflexible filament2 is extended to a situation where each projection 
from the filament undergoes thermal fluctuations around ita mean position. If activation by calcium ions 
would result in an increase of the flexibility of some part(s) of each projection, our simple model could account 
for the most part for the excess line width in the activated state over that in the relaxed/rerelaxed one observed 
for Limulus thick myofilament suspensions.’ On. the basis of the same experimental result, we estimated 
the flexibility parameter of the Limulus thick myofilament in the relaxed/rerelaxed state. 

Introduction 
The main aim of this paper is to discuss a possible 

contribution of motions of projections (cross-bridges) to 
the line widths of the spectra observed by Kubota et al.’ 
for Limulus thick myofilament suspensions. Figure 1 
sketches one of their results. From this figure, we know 
that a t  P = 10 X 1O’O cm-2 

f / P  6D1 (in a relaxed state) 

f / P  N 10Dl (in an activated state) 

f/P 4D1 (in a rerelaxed state) (1) 

where f is the average line width, K is the length of the 
momentum transfer vector, D and D1 are respectively the 
overall and the sideways translational diffusion constants 
of a single thick filament and D1 = (3/4)D in the long-rod 
limit. 

In another paper,2 we showed that the limiting form of 
the f i s t  cumulant, f ,  of the correlation function G1(7) for 
a very long and semiflexible filament is given by 

f / P  - [D - (1/3)(D3 - DJ] + (L2/12)0 + 
kBT 
tL m 

-C”1 (when KL >> 1) (2) 

where D = (2Dl + D3)/3, D3 is the lengthways translational 
diffusion constant of the filament, L is its length, and C”1 
means the number of bending modes of motion involved 
in the scattering process. When we take the long-rod limit 
of diffusion constants, i.e., D3 = 2D1, D - 1/3(D3 - Dl) = 

’ Mitaubishi-Kasei Institute of Life Sciences. * Ochanomizu University. 

D1, (L2/12)0 = D1, and kBT/& = D1, eq 2 is written as 
(when KL >> 1) (3) 

Equation 3 tells us that each mode of motion contributes 
to f / P  by D1 in the limit of KL >> 1. For a very long 
filament with a slight flexibility we can expect that C”1 
= 2-3 at  the highest accessible K value. Actually, the 
length of a Limulus thick filament is 4 pm in the relaxed 
state and 3 pm in the activatedlrerelaxed state. Thus, we 
may have F / P  = (4-5)D1 at, say, P = 10 X 1O1O cm-2. 
This estimation can explain the experimental results of 
thick myofilaments in the relaxed/rerelaxed state (for 
details, see Appendix A). On the other hand, if we try to 
explain f / P  = 10Dl on the basis of eq 3, we have to 
assume a nonrealistic value for the filament flexibility. 
Thus, we have to seek another mode of motion which gives 
an extra line width of about 6D1. 

Calcium ions induce the extra line width1. In addition 
to this, the following facts have already been ~ h o w n . ~ ~ ~  
Congo Red, which can shorten isolated myofibrils in the 
relaxing solution, also increases the f value. After heat 
denaturation or cleavage of the S1 moiety with papain, 
calcium ions do not increase the f value. The dramatic 
increase in F is also suppressed by treating the filaments 
with a myosin ATPase inhibitor such as vanadate ions or 
by replacing ATP with Cr-ADP. These results clearly 
indicate that the extra line width comes mostly from an 
“activated” motion of cross-bridges. 

In what follows, we consider a simple model where the 
core of the thick filament is assumed to be a rigid rod and 
each projection from the core fluctuates around its mean 
position. The former assumption does not impose any 
serious restriction on the present problem, because the 
limiting value of T I P  is a simple sum of various contri- 

T/P - D1 + D1 + DIC“l  
m 
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